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Derivations on Novikov Algebras
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Novikov algebras are nonassociative algebras introduced in connection with the
Poisson brackets of hydrodynamic type and Hamiltonian operators in the formal varia-
tional calculus. As one of the most important topics in the study of Novikov algebras,
the derivation is related to many fields such as the vector fields, the automorphisms,
the cohomology theory, and so on. In this paper, we study the derivations and inner
derivations of Novikov algebras. We also give their classification in low dimensions.
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1. INTRODUCTION

Hamiltonian operators have close relation with certain algebraic structures
(Balinskii and Novikov, 1985; Dubrovin and Novikov, 1983, 1984; Gel'fand and
Diki, 1975, 1976; Gel'fand and Dorfman, 1979; Xu, 1995). Gel'fand and Diki
introduced formal variational calculus and found certain interesting Poisson struc-
tures when they studied Hamiltonian systems related to certain nonlinear par-
tial differential equations, such as KdV equations (Balinskii and Novikov, 1985;
Dubrovin and Novikov, 1983). Gel'fand and Dorfman (1979) found more connec-
tions between Hamiltonian operators and certain algebraic structures. Dubrovin,
Balanskii, and Novikov studied similar Poisson structures from another point of
view (Balinskii and Novikov, 1985; Dubrovin and Novikov, 1983, 1984). One of
the algebraic structures appearing in Gel'fand and Dorfman (1979) and Balinskii
and Novikov (1985) which is called a “Novikov algebra” by Osborn (Osborn,
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1992a,b, 1994; Xu, 1996, 1997), was introduced in connection with the Poisson
brackets of hydrodynamic type

N ..
(U (), U () = g O (x — )+ Y ulb ue0)sx —y). (L)
k=1

A Novikov algebraA is a vector space over a fiekdwith a bilinear product
(X, y) — xy satisfying

X, y,2) =(y,X%, 2 (1.2)
and
(xy)z = (x2)y, (1.3)
for x,y, ze A where
(X, ¥, 2) = (xy)z — X(y2). (1.4)

Novikov algebras are a special class of left-symmetric algebras which only satisfy
Eq. (1.2). Left-symmetric algebras are nonassociative algebras arising from the
study of affine manifolds, affine structures, and convex homogeneous cones (Bai
and Meng, 2000; Burde, 1998; Kim, 1986; Vinberg, 1963).

The commutator of a Novikov algebra (or a left-symmetric algelra)

[X, Y] = xy —yX, (1.5)

defines a (subadjacent) Lie algelgra- G(A). Let Ly, Ry denote the left and right
multiplication respectively, i.el.x(y) =xy, R«(Y) =YX, VX, y € A. Then for a
Novikov algebra, the left multiplication operators form a Lie algebra and the right
multiplication operators are commutative. If evdRyis nilpotent, therA is called
right-nilpotent or transitive. The transitivity corresponds to the completeness of
the affine manifolds in geometry (Kim, 1986; Vinberg, 1963).

There has been some progress in the study of Novikov algebras, such as
the fundamental structure theory of a finite-dimensional Novikov algebra over
an algebraically closed field with characteristic 0 (Zel'manov, 1987), the infinite-
dimensional simple Novikov algebras (Osborn, 1992b, 1994), the finite-
dimensional simple Novikov algebras over an algebraically closed field with prime
characteristic (Xu, 1996), the Poisson structures on Novikov algebras (Xu, 1997),
the classification of Novikov algebras over the complex number field in low di-
mensions (Bai and Meng, 2001a), the realization of Novikov algebras (Bai and
Meng, 2001b,c), the invariant bilinear forms on Novikov algebras (Bai and Meng,
2001d,e), and so on. However, because of the nonassociativity, there are still many
open questions which are quite different with any known algebras.

Among them, one of the mostimportanttopicsis the derivation. The derivation
plays an important role not only in algebra itself, but also in many related fields.
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For example, in geometry, it is related to vector fields (Knopp, 1988). It is also
well known that the derivation algebra of an algebra is a Lie algebra and its
automorphism group is a Lie group whose Lie algebra is just its derivation algebra
(Sagle and Walde, 1973). This means that the derivations can be regarded as a kind
of “linearization” of the automorphisms which play a key role in the classification

of algebras. Moreover, like in the case of Lie algebras, we can define a cohnomology
theory (see details in Burde, 1998 and Bai and Meng, 2001b) and the derivations
are is just the 1-cocycles, that is, the derivation algebra equaiy #s, A). Hence,

the derivations and the derivation algebras have many applications.

In this paper, we discuss the derivations of Novikov algebras. The paper
is organized as follows. In Section 2, we briefly give some basic properties of
derivations. We also discuss how to obtain some derivations on a lot of Novikov
algebras based on a kind of realization theory of Novikov algebras. In Section 3,
we discuss the inner derivations of Novikov algebras. In Section 4, we give the
classification of derivation and inner derivation algebras @én dimension 3.

In Section 5, we give some discussion for the results in the previous sections.

2. THE DERIVATIONS OF NOVIKOV ALGEBRAS

Let A be a Novikov algebra. Let Ené\j denote the set of all linear transfor-
mations ofA. Then Endf) is a vector space. Furthermore, EA}(s a Lie algebra
with respect to the bracket

[Az, Ao] = A1 A2 — As Ay, VA, Az € End(A). (2.2)
A derivationD of Ais a linear transformatiod € End(A) satisfying
D(xy) = (Dx)y + x(Dy), VX, yeA (2.2)

This equation can be rewritten in terms of right and left multiplicati@s:End(A)
is a derivation if and only if any of the following equations is satisfied:

[D, Lx] = Lox, Vx € A, (2.3)
[D, Ry] = Roy, vy € A. (2.4)

It is well known that the seD(A) of all derivations ofA is a Lie subalgebra of
End(A). Recall an automorphism of A is an invertible linear transformation
satisfying

o(xy) =¢(X)p(y), VX, yeA (2.5)

Then exg D is an automorphism for anp € D(A) andt e R, and D(A) is the
Lie algebra of the automorphism group A&j(which is the set of automorphisms
(Bai and Meng, 2001e).
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The derivations of Novikov algebras have many properties which belong to
all nonassociative algebras. For example, we have the so-called Jordan-Chevalley
decomposition: there exists unigl, D, € D(A) satisfying the conditionsD =
Ds+ Dp, D is semisimpleD,, is nilpotent,Ds and D, commute.

Besides these common properties, there is one property that is related to the
subadjacent Lie algebra: let Déi\be the Lie derivation algebra of the subadjacent
Lie algebra ofA. Then by Eq. (1.5), we hav@(A) c Der(A).

In general, the derivation algebEx( A) is very complex, although it is a Lie
subalgebra of DeK). And it is also difficult to obtain the nonzero derivations.
However, on the basis of the realization theory of Novikov algebras in Bai and
Meng (2001b,c), we can obtain some derivations on a lot of Novikov algebras.
Next we discuss them in details, followed by a brief introduction of self-contained
algebras.

Let A be a commutative associative algebra with the produ¢t &ndD be
its derivation. Then the new product

X*aYy=X-Dy+a-x-vy, (2.6)

makes A, x;) become a Novikov algebra far=0 by Gel'fand (1979), foa € F

by Filipov (1989) and for a fixed elemeate A by Xu (1997). We show that the
algebra @, x) = (A, *o) given by Gel'fand is transitive, and the other two kind
of Novikov algebras given by Filipov and Xu are the special deformations of
the former (Bai and Meng, 2001b). Moreover, a deformation theory of Novikov
algebras (Bai and Meng, 2001b,c) is constructed and we prove that the Novikov
algebras in dimensiog 3 can be realized as the algebras defined by Gel'fand and
their compatible infinitesimal deformations. We conjecture that this conclusion can
extend to higher dimensions. In particular, in dimension 2 and 3, a lot of transitive
Novikov algebras (except (A6) with=0, (A8), (A10)) and almost nontransitive
Novikov algebras (except only (E1)) can be realized through Eqg. (2.6).

Claim. Let D’ be a derivation ofA, -). If D’'D = D’'D, thenD’ is a derivation of
(A, *x5)fora=0anda e F. In particular, inthis cas® € D(A, *5).If D’)D=D’'D
andD’a=0, thenD’ is a derivation of @, *,) for ae A.

In fact, we have

D'(X#,y) =D'(x-Dy+a-x-y)
=D'(x-Dy+x-D'Dy+D'a-x-y+a-D'x-y+a-x-D'y
=D'X#% Y+ X% D'y+x-(D'D—-DD’)y+D'a-x-y.

Here, fora=0 anda € F, we letDa=0. Hence, the above claim holdso

Example 2.1. Let us give the derivation algebras of two-dimenesional Novikov
algebras over the complex number field which the classification is given in Bai and
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Meng (2001a). Recall that the (form) characteristic matrix of a Novikov algebra
is defined as

> ke O > ko1 G
A= , (2.7)
n n
> ko1 CRa& > k1 Chn&
where{e } is a basis oA ande e; = Zk c,"j ec. Moreover, under the same basis,

any derivationD of A can be determmed by a matrix, that is,

a Ain
D=1{...
an1 ann

For any two-dimenisonal noncommutative Novikov algebras, we have known that

(2.8)

it can be realized through Eqg. (2.6) (Bai and Meng, 2001b,c). Thus, we have

Characteristic Derivation Associated
matrix algebra A ) Remark
(T1) (0 0) gl(2)= (aﬂ a12> Commutative
dp1 az2

e 0 an ap )
(T2)( O) ( 0 2311) Commutative
(N1) (%1 0) 0 Commutative

e

00 a1 0 .
(N2) (0 ez> ( 0 0) Commutative

0 e a0 )
(N3) (el ez> (0 0) Commutative

0 a;; 0 oo (-10 B
(T3)< O) < 0 O) (N3) withD = ( 0 0) D(T3)=D (N3)
anda=0

0e a1 0 . _ -10

(N4) (0 ) <a21 0) (N3) with D = ( 5 0)
anda=¢e,
00 . -10
(N5)< 06+ e2> <a21 0) (N3) withD = ( 0 0)
€
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Characteristic Derivation Associated
matrix algebra A ) Remark
0 e a;; 0 . _ I—10 _
(N6) (Iel e2> ( 0 0> (N3) with D _< 0 O) D(N6)=D(N3)
1#0,1 anda=e

3. THE INNER DERIVATIONS

The most important subset of the derivation algebra of a Novikov algebra
is the set of inner derivations. A general theory for inner derivations is given in
Schafer (1949).

Let A be a Novikov algebra. The Lie subalgeldié?) generated by all linear
transformationd x, Ry(vX, y € A) is called the Lie multiplication algebra (or Lie
transformation algebra). Lett = R(A) + L(A) denote the set spanned by all
Lx, Ry. Set

My =M, Mi =[Mqg, Mi_4]. (3.1)
Then
LA)=Mi+-+ M+ (3.2)

It is the smallest Lie algebra containigd = R(A) + L(A).

A derivationD of Ais called an inner derivation D € £L(A). From Egs. (2.3)
and (2.4), itis easy to see that the set W)¢f all inner derivations is a (Lie) ideal
of the Lie algebrd (A). The inner derivation corresponds the inner automorphism
of A. Inn(A) also may be regarded as a candidate for the space of 1-coboundaries
BY(A, A). If so, the cohomologi (A, A) is justD(A)/InnA.

Claim. The Lie transformation algebra of a Novikov algeldxds

L(A) = L(A) +F[Re, Re,, ..., Ry, ], (3.3)

whereey, ..., e, is a basis ofA andF[Rg,, Re,, . .., Rs,] denote the polynomial
algebra generated By, . .., R,.

In fact, any element dR(A) + L(A) has the fornR, + L. By Egs. (1.2) and
(1.3), we have

[Lx, Lyl = Lixy [Lx, Ryl = Ryy — RyRy, [RyRy] =0
Therefore

[Lx + Ryis L, + Ry,] = Ly + Lixyal — Ry R = Ry + Ry, Ry



Derivations on Novikov Algebras 513

Moreover, we have
[Ru» Ry Lxs] = Ra[Rey Lxs] 4+ [Ras Lxs | Ry
= R (R, R; — Rexs) + (Rq R — Rauxs) Ry
= 2R R, Rs — R Rioxs — Rigxs R
and for anyn,
[Ru Ry -+ Rey Ly |
= Rq Ry [Ras Ly ] + [Ra R s Ly ] R
=Rq - Rxnfl(RXn’ Ry — RxannJrl) + [Rxl R an+1] Ry

Hence, by induction on and Eg. (3.1) and (3.2), we have that any element in the
Lie transformation algebré(A) has the form

L><1 + Rxl1 + Rxf Rx§ + Rxf Rxg Rxg + - (3-4)
By the commutativity ofR, , we haveL(A)=L(A)+F[Rg, Re,, ..., Rg]. O

Since every right multiplication of a transitive Novikov algebra is nilpotent,
we have

Corollary Let A be a transitive Novikov algebra. Then there exists N such that
FIRe, Re,, .., Rg,] in EQ. (3.3) becomes the polynomial algebra in degree less
than N.

It is not easy to give the explicit formula for the inner derivations. However
for some special cases, we can easily obtain some inner derivations. By Egs. (1.2)
and (1.3), we can have

(@) Lx e D(A)ifand only if (ax)b=0,Va,be A.

(b) R e D(A)ifand only if (ab)x — a(bx) = (ax)b, Va, be A.

(c) adx=Lx — Rxe D(A) if and only if abx)=(ab)x, Va,be A.

(d) Let T(A)={x e Aladx € D(A)}. Then T(A) is an associative subalgebra
of A.

(e) ad (A) = {adx |adx € D(A)} is a(Lie) ideal ofDer(A) if and only if

D(T(A) C T(A), VD e Der(A)

(f) Int(A)=ad(A)={adx | x € A} is an ideal of 0A) if and only if A is
associative.

(g) If D(A) =Der(A), then A is associative.

(h) If A has an identity, then for everyexA, x # 0, neither Ly nor R, is a
derivation of A.

() (i) If all derivations of the subadjacent Lie algebra are inner (that is,
Der(A) ={adx | x € A}), then O A) = Inn(A).
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Example 3.1. Since the (Lie) derivations of 2-dimensional non-Abelian Lie al-
gebra are inner, all derivations of (T3), (N4), (N5), and (N6) are inner. For other
cases, we have

0 ap

INN(T1) = 0; Inn(T2)= (0 0

) ;INN(N1) = Inn(N2) = Inn(N3) = 0.

4. THE DERIVATION ALGEBRA OF THREE-DIMENSIONAL
NOVIKOV ALGEBRAS

In this section, we give the derivation algebras and the inner derivation al-
gebras of three-dimensional Novikov algebras over the complex numbectfield
(the classification is given in Bai and Meng (2001a)). At first, we give the (Lie)
derivation algebras of three-dimensional Lie algebras Gvéhe classification is
given in Jacobson (1962) as follows:

a1 a2 a3
(1) Ais Abelian: Der@) =gl(3)= | a1 a2 ax|;
dz1 a2 az3

(2) A= (e, &, e3][e3, ]

ap+as 0 0
= ey, [e3, &1] =[e2, €] = 0) : Der(A) = ap; ap as|;
azs az2 ag3

(3) A= (e, &, e3][e3, €]

ail 0 0
=6, [e3,e1] =[ex, @] =0):Der(A)= | 0 a» O];
azy azg O

(4) A= (e, &, e3|[es, €]

a; app O
=e, (6, e =e,[e,e] =0):Der(A)=[axn ap 0];
a1 azp O
A = (e}, &, e3|[e3, 1] = e, [€3, €]
an 0 0
=ley [e2,€] =0, <1,1 £0,2) :Der(A)=| 0 axp O0]};
az azp O
(5) A= (e1, &, &3][e3, €]

a; O 0
=ep[es, & =€ +6,[e,e]=0):Der(A)=|axn a1 O];
azs agp O
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We give our main results in the following table:

Inner
Characteristic Derivation derivation
matrix algebra algebra Remark
00O aj1 a2 a3
(Al) 00O dp1 Az aAz3 0 D(Al): Der(Al)
000 Az Azp a3
000 233 0 O 0 0O
(A2) 000 a1 an O 0 0O
00e a1 a3z 33 a1 00
00O 2, 0 O 0 0O
(A3)10e O a1 A ax a1 00
00eg a1 —ax3 axp a3 00
00O 3a33 0 O 0 0O
(A4) 00¢g 2az, 2az3 O 00O
Oe & az1 a3 ass az1 00
0O 0 O ap+tasz 0 0 0 0O
(A5) 0 0 e ag1 dpo Ap3 a; 00 D(AS)ZDGF(AS)
0—-e O a3 az ass a3 00
0 0 O 20, O 0 0 0O
(A6)|0 e & a1 axp az a1 00
0 —e |e;|_ asi —|323 ago a31 00
00O 333 0 O 0 0O
(A7) 0 0 ¢ 2a32I 2a33 0 2azy 0 O
Ole; & az1  agy ass az1 az 0
I #£1
00O 3a33 0 O 0 0O
(AS) 00O azpy 2az3 0 a3 0 O
Oe & a3y Az as3 az az 0
00O a; 0 O 0 0O
(Ag) 00O 0 a» 0 0a,0
0e 0 a3 0 O 0 0O
00O 0 0O 0 0O
(A10){0 O O 0 a» 0 0 a» 0 D(A10)=Inn(A10)
Oe e ag 0 0 agg 0 0
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Inner

Characteristic Derivation derivation
matrix algebra algebra Remark
0 0O a;1 a1, 0 a1 0 0
(All) 0 0O a1 ax»n 0 0 811
e lex O O O 0 0 0
I <1,1#£0
aj 00 agl 00
0 adpo 0 0 |a11 0
0O 0O 0O 0O
| #£1 #
0 ail 00 0
(A12) ap a;r 0 6111 311
el ez+ez 0 0 0O
0
(A13)( €1 —all O 10 D(A13)=Inn(Al13)
2 O
e 00
0e O 0 0
0 0 e
00O a1 00
(B1)|0e O 000 0
0 0 e 00O
0 0¢g a1 00
(B2)|0 e O 0 0O 0
et 0 & 0 0O
00¢g a1 00 a1 00
B3)|0e O 000 000 D(B3)=Inn(B3)
0 0 e az 00 az 00
0 ¢ 000 0 0O
(B4) O & 0 000 0 0O D(B4)=Inn(B4)
0 0 e+ az 00 az 00
00 €1 ajl 00 ap 00
(B5| 0 & O 00O 000 D(B5) = Inn(B5)
le; 0 g 0 00O 000

1£0,1
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Inner
Characteristic Derivation derivation
matrix algebra algebra Remark
00O a;1 a2 0
(Cl) 00O a1 ax»n 0 0
00e 0O 0O
0 0¢g a1 0 O
Cc1o0o00 0 a»n 0 0
e 0 es 0O 0O
00e a1 0O a1 00
(C3)100 0 0 a»n O 0 00O
00 €3 asi 00 azy 00
00 e 0O 0O 0 0O
(C4Hlo00 0 0 a», 0 0 0O
00e +e;s a1 0 O a1 00
0 O0e a1 0 O a1 00
(C51 0 00 0 a» 0 0 0O
le; 0 e3 0O 0O 00O
| #£0,1
00 € ain 00 0 0O
(C6) 00e 0 a», 0 0axy O
e 0 e 0 ax 0 Oazp, O
00 & a3 0 O 0 0O
CNIOo 0 & 0O 0O 0 0O
e 0es+e 0 a3 O O0az O
00e i1 a2 0 a1 0O
(C8)|00 e ap; a» 0 0 a;; 0 D(C8)=Der(C8)
00 e az ag 0 agr azp 0
0 Oe a3 0 0O -1 00
(Cg) 0 O0& 0 a, 0 0 a» 0
le; 0 e 0 az; O 0 a3 0
1£1,0
00 €1 a1 a2 0 0O 0O
(C10)| 0 0 & 0O 0O 0O 0O
le1 O es+ & ag; az 0 ag; az 0
| #£1 | =0 | =0
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Inner
Characteristic Derivation derivation
matrix algebra algebra Remark

a; 0O 0 0O
0 00O 0 00O
0 az 0 0azx 0

| £0 | £0
0 0¢ aj; a;p 0
(Cll) 0 0e& ax axn 0 0
€ €& € 0 0O
0 0e a; 00 0 0O
(012) 0 0& 0 a» 0 0ay»o
€ €& € 0 0O 00O
| £0,1
0 0 ¢ a1 a2 0 a; 0 0
(C13)| 0 0 & ax axn 0 0 a;1 0
le; ke & 0 0O 0O 0O
I,k#1,0 | =k | =k
a1 0 O | -1 0 0
0 a» 0 ai 0 k=10
0 0O 0 0 O
| £k I £k
0 0 e a1 0 0 000
(C14) 0 0 (57} a1 a1 0 a1 00
€ € +6& € 0 0O 00O
0 0 & a1 0 O -1 0 O
(C15)| O 0 & ax axn 0 al 1 1-10
le; e +lex &3 0 0O 0 0 0
| £0,1
0 0e1 ail 00 an 0o0
(C16)| 0 0 & ap a;1 0 —ay1 a1 0
Oe e az1 0 0 a; 00
00 e 0 0O 0 0O
(Ci7){o0 O e a1 0 O 00O
Oe s+ & azp a1 0 a3 00
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Inner
Characteristic Derivation derivation
matrix algebra algebra Remark

0 0 ei+e
c18)|o0 0 e

a; 0 O 0 0O
0 ail 0 0 00
0 - & agr az 0 az; az 0
0 O e1+e2 0 0O
(C19)f0 0 0 0 O 0 0 0] D(C19)=Inn(C19)
0 -& e3+e1 az; ag1 0 azp az1 0
e 00 a1 A2 0ap O
(b1){o 00 O 2a11 0 00O
0 0e; 00O
& 0 e a1 ap
D2)| 0 0 & O 2a11 0
€ € €
€ 0 e 0a» 0 0a;, 0
(D3) 0 0 & 00O 00O D(D3)=Inn(D3)
€+6& & €3 00O 0 0O
e 0g a1 0 O a1 0 O
(D4)| 0 O0e 0 2311 0 0 2a; 0] D(D4)=Inn(D4)
te 0 0 ap 0/ \ 0 ag O

000
00 0) D(D5) = Inn(D5)
0

€1 a1 0 O a1 0 O
(De)| O 0 & 0 2901 0 0 2a;; 0] D(D6)=Inn(D6)

P

ler (2 —1) e 0O 0 O

0 0O a1100 alloo
l=11ELY[-e00 0 00 0 00| D(El)=Inn(EL)
0 0& 0 00 000
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5. DISCUSSION AND CONCLUSION
From the results given in the previous sections, we can obtain:

1. Indimensions 2 and 3, the derivation algebra of any Novikov algebra which
is not semisimple (the direct sum of fields) is nonzero.

2. In dimensions 2 and 3, the inner derivation algebra of a noncommutative
algebra is nonzero; in particular, the inner derivation algebra of a nonasso-
ciative Novikov algebrais nonzero. And dim ImkY< dim A. Furthermore,
when A is a Novikov algebra in dimensions 2 or 3 aAds neither type
(N4) nor type (C8), we have dim InAj < dim A,

3. Indimensions 2 and (A) =Inn(A) #O0 if and only if A is isomorphic
to one of the following types: (T3), (N4), (N5), (N6), (A10), (A13), (B3),
(B4), (B5), (C19), (D3), (D4), (D5), (D6), (E1).
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